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I.—ON THE EXPRESSIBILITY OF THE ROOTS OF 
ALGEBRAIC EQUATIONS. 


By J. M. PEEBLes. 


AssuMING* the expression 

x" + ae"! + ae? +... + 4,42 + a, = 0, 
n being a whole positive number, and a, dy, ... dn, being general 
symbols quite disconnected with each other; and supposing also 
that there are only x different expressions which substituted for x 
render both sides of the above equation identical, and that these x 
expressions are different values of the same expression, which we 
shall call (2), and which has no more than these » values, which 
values also are such, that (—a,) is equal to their sum, (a@,) is equal 
to the sum of their products taken two and two, &c., so that the 
expression 2” + a,x"! +-...-+ a, may be regarded as the product 
of the x values of the expression x — (a); let us consider farther 
some of the properties of this hypothetical expression (7). 


1. And we observe that (#) must be a function of detached 
and independent quantities p,, p,) ... p,,» inasmuch as the product of 
the m values of the expression z— (2) is an expression which con- 


tains x absolutely independent and disconnected quantities. 


2. This then, like ion Gs other property, can only be secured by 


the form of the function (a), but it may either be stated implicitly 
or explicitly. It is plain however that the implicit form neces- 
sarily implies the existence of an explicit one. Let us call (2’) 
the explicit form, which may either be identical with («) or different 
from that function. It must however be such as to show the in- 
dependence and disconnection of x quantities p, ... pre 


* The Author thinks it necessary to state, that this Paper is to be regarded 
as little more than a sketch of his method of considering the subject. 


UU 
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3. Now we observe that if any quantities, as p, and p,, are sub- 
jected to the very same operations, so that the expressions in which 
they occur are functions of (p, + p,), then, so far as these opera- 
tions or expressions are concerned, these quantities are undistin- 
guishable from each other, and must be regarded as forming but 
one quantity. Hence the z values of (x) must not be such that 
we may suppose that function to be of the form ¢(p, + p,) in re- 
gard to any two of the quantities p,,...p,. We must suppose then 
that there is some method of variation applied to the quantities 
Py» P» &e.; and upon this method of variation must depend the 
establishing of every property of these quantities. Hence it appears 
that the only way in which the independence of each other of these 
quantities can be secured, is by the independence of the variations 
more particularly connected with each of them, of those of the 
others. And if we suppose that the quantities p,, p, &c. enter (2’) 
in such a manner that (2°) = @(¢,Py dP. ---%,P,)» the symbols 
9p, dep, &c. expressing functions which have various values, (p 
being constant,) and »p having but one value: then it is plain, that 
as the independence and detached nature of the quantities p,, pg 
&e., is shewn only by the independence and disconnection of the 
values of the functions 9,p,, 9p), &e., the n values of (2’), which 
are those of (a), must exhaust all the values of (2’), in which the 
values of $,p) ¢,p» &c., can occur together in substantially different 
ways. In fact, (a') must give no new property to the quantities 
Ply Px &e., it must only declare explicitly what is implied implicitly 
in (x). Moreover, it is plain that all the purposes for which we 
suppose that the functions ¢,p,, ¢,., &c., have various values, may 
be answered by supposing some one of them, as 9p, to be con- 
stant. In fact, the independence of the symbols p, and pg of each 
other, may be as well secured by assigning unfettered and inde- 
pendent variations to one only of the functions 9,0,, 9p.) as to 
both; and then the 2 values of (2’), which are those of (x), must 
exhaust the values of (2’) in which the relations between the forms 
in which the quantities p,, ... p,, enter (x) are really different. We 
shall always suppose this last case, inasmuch as it reduces by one 
the number of independent sources of variation, and on this ac- 
count will be seen to be most favourable to the existence of (x). 


4. The only source of variation which we now consider arises 
1 


from the different values of such expressions as 1”, m being of the 

a+a-+ &c. , . 
form wena” amare Hence we have only to consider how the in- 
dependence and disconnection of m quantities in (x), and the other 
conditions which that function must satisfy, may be secured by 
radicals. 


5. In this investigation we may suppose that there is no term in 
(x) with a variable denominator, as by multiplying both numerator 
and denominator by all the values of the denominator we obtain an 
invariable denominator. 


6. It is plain that the detached and independent nature of the 
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three quantities, p,, p,, py, is not necessarily secured by the form of 
1 


the expression pips + p,p,” since by it, wherever p; occurs multi- 
. 1 
plied by the > th root of p,, p, is also found multiplied by the m,‘ 


power of that root; and this may establish a relation between the 
quantities p,, p.p,- In fact, the expressions 
1 3 1 


1 
PP.” = (p,"p.)"5 and p,™p.ine ins (p,™p.™)"™ My 
1 1 





are of the forms p,” and p,"™: respectively, and are thus in no way 
distinguishable from them. And the expression 


1 m, m m, 


: ss 4 ro 
PP." + PoP," = (p,"P,)" + (P.”'p,) an 
1 m, 

is of the form p, 1” + p,1™, which evidently does not necessarily 
secure that the symbols p, and p, are detached and independent. 


7. We go on to show that in order to secure the disconnection 
of the symbols p,...p,, if it can be done at all by means of radi- 
cals, (x — 1) independent radicals are needed. The isolated ex- 

1 


pression p, + p,”', by means of one radical, secures in the only 

way in which the employment of radicals can, that the symbols 

p, and p, are independent. And it is plain that the above form 

comprehends the expressions 

1 1 

PsPi + P3Po"19 Pr Py Hove t (Pg + py Hod. 

1 m® 

And by the last sec. the form"of the expression p, + p,p2™' + p4p.", 

does not necessarily secure that three symbols are detached and in- 

dependent. Hence it appears that one independent radical cannot 

give a form which secures that more than two quantities are de- 
tached and independent. 


8. In the case of three independent quantities, we may consider, 
that as any one of them must be independent of the remaining two, 
the form by which one of them is related to the remaining two, 
must be that by which the independence of the two quantities of the 
last section is secured. Hence the form or forms of this case will be 
found by substituting for any one of the independent quantities of 
the last case the form for two independent quantities. We thus 
find the two forms for (2’), 

: a atk 

: Pit po + ps" 9, + (p, + p3™)"™ 
And by sec. 6, it appears that the two radicals of these expres- 
sions cannot produce a form which secures the detached nature of 
more than three quantities. 


9. In the case of four independent quantities, we may consider 
that two of them must be independent of the other two, while the 
members of each of these two are independent of each other; and, 
by the application of the form of sec. 7 for two independent quan- 
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tities, we obtain forms for four independent quantities. And we 
may consider that any one of the four quantities must be inde- 
pendent of the remaining three, while these three are independent 
of each other; and, by the application of the forms of sec. 7 
and 8, we also obtain forms for four independent quantities. In 
this manner we obtain the forms for (2’), 
z 2. s. : Ls 
p; 4 p.™ + ps" + p4""%, p 4 (p, 4 ps" + p4”)™s, 
Be 1 1 1 
py + $0, + (p, + pm )msg a p; 4 ps" + (p, + p4")™s. 

And as it is plain that these are the only forms which we can have, 
if the detached nature of four quantities can be secured at all by 
means of radicals it must be by them, 


10. Passing on now to the consideration of the case of five inde- 
pendent quantities, it appears, that if by means of radicals this can 
be secured at all, it can only be by the following forms for (2’): 

1 1 1 1 1 1 :. 2 


Pi ps + pate + pg + pss pr + (py + pa + pat + paitay™s 
i : 2 & ad § 8 
P+ $y (py ey pas) ™, p+ [p+ $+ (p,+ps™)meg 5], 
l =e 1 1 11 
py 4 $Po+ pti + (p, 4. psins)™sz ms, pr +p,™ 4 (p3+p,”" +p,™")™, 
1 1 1 1 1 1 l 


P+ + S044 (oy ps) ™, py +p." P34 (py + ps™s)™s 
1 1 ee 


“ee 


Pi + (P, + a mad + (p, + pais). 
And we might proceed in this way to find the forms for the cases 
of 6, 7, &c. quantities. 


11. As irrational quantities can only be rendered rational by in- 
volution, and as the sum of the values of (2’) which satisfy the 
equation is a rational quantity (—a,), it follows that in this sum 
the radicals must vanish. Hence, referring to the preceding forms 
of (z’), it is plain that we must have 


— 4d, =m, and .*. p, = — , and (2') = — “! + (y') 


u a ‘ 
or (2') + — = (y’). 
1 
12. If the sum of m, values of the expression 1” vanishes, m is 


a multiple of ,; and these m, values are those of the expression 
1 


1™, multiplied by some quantity. (See the note at the end of the 
paper.) It is easy to see, however, from what follows, that it is 


not necessary to our argument that we substantiate this theorem in 
all its generality. 


13. Let us now suppose that » is a prime number. Then it is 
plain that the first of the forms of sec. 7, 8, 9, and 10, alone 
satisfy the conditions of sec, 1] and 12. For, taking the expres- 
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11 

sion (p, + p.”)™, it follows from the last section, that the sum of 

n values of this expression can vanish only when m,=n”, or=some 
1 


multiple of ; and then the expression (p, + p,”) can only have 
one value, and is therefore of the form p,, and the whole expression 
1 


is not distinguishable from the expression p,"2. Hence, when z is 
a prime number, we must have 
1 1 1 
(y) — P.” + Ps” + —? + -, 

And by sec. 2, and this form, it appears that if we call (y',), 
(72) ... (yn), the ” values of (y/) which satisfy the equation, and 
(y) any one of their number ; then, if (y’) have more than x values, 

1 


the values of (y') must be contained in the expression (y) 1” 
But considering the above expression for (y’), it is plain that the 
number of its values is n"-', Hence, if the above form for (y’) 
has more than 2 values, we ought to have n"—! = n®, or n"~* = 1; 
which equation can only be satisfied upon the supposition of »=1 
or n=3. Moreover, if the above form has no more than 7 values, 
and thus the implicit is also the explicit form, we must have 
n"-! =n or n"~* = 1, which can only be satisfied by making x = 1 
or 2=2. 

Hence we conclude that when m is any other prime number 
than 2 or 3, it is not possible to find an expression whose different 
values are produced by radicals, which satisfies the conditions 
which the expression (#) ought to satisfy. Moreover, when is 
equal to 2 or 3, we cannot infer the possibility of (a) from the pre- 
ceding investigation. But it has been long known that when 
e= %, 

4 


, a 
(x) = (xv) =_— f Py ;. 
and when 2 = 3, 


? a 1 i a 1 “na 
(@v')=— s+) +s and (2) = — 3) +0, + 4p, % 


which results are quite in harmony with those of the preceding 
investigation. 

Moreover, as (x) is impossible for equations of the fifth degree, 
it is also impossible for all equations whatever of a higher degree. 
For, m being greater than 5, if we suppose that (2) is possible for 
the equation of the x" degree; then, by supposing in (2), 

a, =4,_,=4.,=..=a,=0, 
we should obtain the expression (a) for the equation of the fifth 
degree, which is impossible. 

14. Let us now suppose that 2 is the product of two prime 
numbers, 2, and 2. Then it is plain that the conditions of sec. 
11 and 12 are satisfied by terms of the form 

L 1 1 1 


1 
Pi, py", py"s (p, + p.™)™, 
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only. And by the last section we may confine ourselves to the case 
of n, = m2 = 2, and therefore »=4. The only forms then for 
@. in this case, are 


+. + #4 +, 3 
Pa fag +p4> Pa ine tp, » Pe 40, Fea fs on +115, 


Po TeGtet ye » Po +4 (ste)! . 
And, omitting the second of these forms by last section, the condi- 


tion must be satisfied of (y')= 1? (y)- 


Now the number of values of the above forms are respectively 
2, 2° x 4, 2 x 42, 2, 4 x 2* s 
and the number of values of the expression 1? (y) is 2x4. Hence 
it is only the forms which correspond to the following expressions 
which are equal to zero, which can satisfy the conditions of (2’) 
and (a). The expressions are 
2x4—23, 2x4—22?x4, 2x4-2xK4°, 2x 4—23, 
2x 4—4% 2%; 

and as it is only the first and fourth which vanish, the only forms 
by which (2’) can be represented are 


“te 


1 1 £ 
Pa + Ps. + Py and pst - (p; + Py s)F. 
We cannot, however, infer from this that (a) is possible, as it 
has not been shown that all the conditions of the existence of that 
function are satisfied. But itis well known, that for the equation 
of the fourth degree, 


a a. 1 i 
(z)=—— +, + (@ + bp,*)’, 
and (2’) is of the form 
a 1 ! s a 4 2 
— git Co" +5: + 4°) OF — Gt + fp.” + (py + pat) 
which is quite in harmony with the preceding results. 


Note. The theorem of section 12 may be established as follows. 
If we designate by 7 the expression 
— 2 
aoe gs Ye 
m m 
1 
then 7, 7%, ...7™, are the m values of 1. Calling these Py» Por +++Pm 
respectively, let us suppose that 
Pi + Pp + Pg + + -+p, +p, =0.... »({1), 
p being >1l,g>pv>um+1>. 

The distances between the successive terms of the above expres- 
sion, or the numbers of terms of the series p,, py» Pp -+-Pm» intervening 
betwixt any successive two of them, may either be equal or un- 
equal. If equal, we must have 
p—l=q—p=&e.—q=he- =u—&c. =v—u=m+41—v...(2): 
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Let us suppose that the preceding equations are not satisfied, 
and consider the consequences of this hypothesis. 

From (1), conjoined with the consideration of the connection 
between p, and 7, we deduce the set of equations 


Py + Pp + Pg +o +, + ?, = 0, 7 
Po © Pptr + Posy Foes F Pus + Pot = 9 | 
P3 F Prag + Poste + e+ + Puro + Pig = 0, f ++(3); 


Patiect Pmtp—v + Pm+qar+ et Pm+u-v + Pm= 
which equations, it is evident, are all different from each other. 
In the same manner we find the equation 


Pit +++ FP mgg—v + Pmipti-o + Pmtatiqot +++ Pmtuti-r= 03 
and from it, as from (1), we derive a second set of equations, 


Pt Het Pm+2~v + Pntpri—o + Pmt+oti—o Hoes + Pntuti-v=% 
Pat ++ FP mtg—o + Pmtpto—0+ Pmtgsq-ob +++ + Pmeutt~-o =O |. (45 


Pouty + Pmaut + Pmeutp + Pm—ut7 Five +P, =0: 
all of which are different from each other and from those of (3). 
Proceeding in this way, we find a third and a fourth &c. set, the 
equations of which are all different from each other. And thus 
we proceed until we come to a set precisely the same as the first 
set. It is plain that the total number of these equations is equal 
to m. Hence we have m linear equations all different from each 
other, between the m quantities p,, ... p,,+ 

Let us consider the consequences of this. And we observe, 
that if we would eliminate all the quantities except one, contained 
in any equation, from the nature of the equations it must plainly 
be by the addition and subtraction of some of the other equations, 
so that the quantity which we wish to obtain can rise no higher 
than the first power. Hence it can only have one value. But the 
values p;=0, p,=0...p,,=0, satisfy the said equations. Hence 
these are the only values of those quantities which do so. 

Considering now the equations 

— . x 

p, =% p,-, = 90, oF cos =" + v1 os 0, 


2 — . § 
om ~ VT mt 
m m 


by adding and subtracting we obtain the two simultaneous 
equations 
9 
wat = 0 sin — = 0; 
m m 

which is impossible. Hence the existence of (1) requires that (2) 
be satisfied. 

Let us then adopt this hypothesis, and call m, the number of 
terms of (1). We then find by (2), 

q=2p—1,...u=(m,—2) p—(m,—3), v=(m,—1) p—(m—2), 

m, p~—(m,—1)=m+1; 
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from the last of which equations we have 
m(p—l)=m. 


Hence m, must be a submultiple of m; and if m be a prime 
number, p = 2 and m,=m. Moreover, equation (1) may be 
written in virtue of the preceding equation, 





° pty ty = in “yl eee a 
sas el 2(2p— 2(2p—1) x oe 2(2p—1)x 
Ta iy te as +a ED 
2 3(m, —1) p—(m, —2)8x 
m, (p —1) 
+01 sin 22% Dp— (m,—2)3x 


nm Sioa =0, 


my —_ 





«- + Cos 


Qa pe 2 (p—1)4+2n 
or at —Iis sin = = ad cos pa 1@—1)_ 
eeee yg 2 (2p— 2) w+ 2m 
4+V—i sin ~~ m (p—1) cos - \(p—1) - 
Va) sin 2 (SP -2) m4 2 2 &(m,—1) p—(m—1)Rr 42m 
+ 1 sin = @-1) + cos epee — 
+ V1 sin 2 P—(m— Ihe tem _ 
— — 
Qa — , Q& 
or (cos m, +V—] sin _" 4-008 © 7 4V¥1 sin 7 
I 


m, 


jn —— ‘ian sin 21 i") 


m, 





Qqr — Qa 
x we i ao) = 
ins m,(p—1) Y —1 sin PN) . 
Qn 
or cos — +¥=T ain = +c0s = 7, + Vv =I sin = m, + 
I 


2m x 
ooo +08 — 4+V—] sin = 





mM, 
1 


Hence the m values of 1” constituting the terms of (1), are the 


1 
m, values of 1™ multiplied by some qu 
— . 2 
be (cos = +V—1 sin =) ; 
m m 


antity which we perceive to 


Dunfermline, Jan. 1889. 




















Il.—-ON THE TAUTOCHRONE IN A RESISTING 
MEDIUM. 


Our object is to reduce the problem of the tautochronous curve, 
when the resistance is equal to kv* or to hv + kv’, to the cases in 
which it is a eycloid, viz. when the resistance is equal to zero or 
to hv. 
In vacuo $, 
ds 
V2 = i 
I IVa, — a 
0 
and the necessary and sufficient condition of tautochronism is 
s* = Ax. Hence generally 
ad | 
dz 
7 VFz, — Fz 
0 
is independent of z,, provided z* = A.Fz. Now, when R = kv’, 
there is 


d.vdv a dz 
ia 


d 
therefore e~%* y2 = — 9 f yaks . a 


d. 
Let fs =}e* = ds, 
0 


therefore e~** v? — 2g (fs, — fs), 
= ? e~*8 as 
VA = “a @ 
and 29 t J 5 a fs 
0 
Put dz = e~* ds, and let z and s be equal to zero together, 


1 > 
therefore z = i (l—e™*), fs = Fz, 


— y dz 
and Vv 29 t = Foes . 
| 
0 


Therefore for tautochronism 
2 = A.Fz. 


da 
But Fz =(< (1 — kz) dz, 
0 
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2 dx 
therefore nee (1 — kz), 
dx 1 — e-*s 
therefore k hee 
dx 


or he = a (e — 1) wrsceeeee (1), 


the equation of the tautochronous curve. 
We shall have, if ¢ = 0 when s = s,, 


z= 2% cos Vag t. 


2 2 Ko | 
Hence = = ‘S =— ag “-* 
must become, when s is expressed in z, 
dz 
de =— agz, 
a result easily verified, for 
1 
ds = pes i a avcanan cov auendsdensnadessis (a). 
a + ~ a 5 OP ccceeee (fi) 
1 — kz (1 — kz)’ 


The coefficient of dz in (a) is of course that of d*z in (8), which 
shews that if the equation of motion were 
eg ge Mtg MHI, 
de® dt dt* k 
or R= hv + kv’, 
the equation in z would be 
dz dz 
det 





= agz. 


This is precisely the form of the equation of motion on a 
cycloid when R = hv. And as in that case ¢, deduced from it 
is independent of s,, so in this it will be independent of z,, and 
consequently of s. Hence the curve whose equation is (1), is 
tautochronous, not only when R=fv*, but also when R=hv+hv’. 

For Laplace's abstruse solution, see the first book of the Mé- 
canique Celeste, or Mr. Whewell's Dynamics. 


R. L. E. 
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IIL—ON THE GENERAL THEORY OF MULTIPLE 
POINTS. 


By W. Watton, B.A., Trinity College. 


1. Ir is my object in the present paper to inquire into the nature 
of those properties of the curvilinear loci of any rational algebraic 
equation f(z, y) = 0, between two variables 2 and y, which cor- 
respond for particular values of 2 and y to one or both of the pe- 


3 P d d , 
culiar relations = JS (2% y) =0, Po S(# y) =0. The geometrical 


peculiarities, defined by the appellation of ‘multiple points,’ ‘cusps,’ 
and ‘ isolated’ or ‘ conjugate points,’ which writers on the theory of 
curves have appropriated to the explanation of these singular rela- 
tions when existing simultaneously, have been hitherto universally 
regarded as three essentially distinct and unconnected properties. 
Indeed, ‘isolated’ or ‘conjugate points’ have always been regarded 
as their two names, the one with relation to the curve and the other 
with reference to the algebraic equation, evidently imply, as points, 
although actually represented by the equation, yet utterly detached 
from its curvilinear locus. The supposition of any essential dis- 
tinction between the natures of these three points, as will be evident 
from the light in which the subject will be presented in the follow- 
ing pages, has arisen from an inadequate appreciation of the general 
theory of the interpretation of algebraic equations between two va- 
riables. I shall endeavour, by the aid of a wider method of view- 
ing the subject, to shew that both ‘conjugate points’ and ‘cusps’ 
are virtually ‘multiple points’ under different states of manifestation. 
1 shall likewise, before proceeding to the discussion of the coexist- 


d d 
ence of the two singular relations , S (x, y) = 9; dy S (a y) =9, 


demonstrate that the satisfaction of either of them singly corres- 
ponds in all cases to a multiple point of determinable multiplicity. 


2. Let the equation 


S (2%, y) wet iis ceveks (1) 
designate the perpetual relation subsisting between the simultaneous 
co-ordinates of a system of points, the function f(«, y) being sup- 
posed to be devoid of radicals and of negative indices, and of » and 
y dimensions respectively in 2 and y. Then, if we give to 2 an 
indefinite number of consecutive values comprehended under the 
general form +%)a, where ¢ (a) denotes any assigned invariable 
function of a, by ascribing to a every variety of positive and nega- 
tive magnitude we shall obtain correspondingly from the equation 
(1) » indefinite series of values for y of the general form +°*/, 
where s and (3 for each series are some particular functions of a. 
Thus we see, that under these prescribed laws of variation in the 
magnitude and the affection of x, the equation (I) will determine 
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yv interminable curves. Again, if we were to make y the regulative 
symbol in the equation (1) instead of 2, it is clear in the same way 
that we should define the loci of » interminable curves. 

The method of constructing the infinite number of the pairs of 
conjugate axes which I have adopted in the article on the General 
Theory of the Interpretation of Equations between two Variables 
in Algebraic Geometry in the last number of this Journal, I shall 
continue to employ in the following disquisitions. It is clear then 
that supposing 2 to be the regulative symbol in the equation (1), 
we shall have generally for any assigned value of 2’ in the equiva- 
lent quantitive equations, » different pairs of values of y' and 2’, 
where 2’, 2/, 2’, represent the quantitive co-ordinates of any point 
of which the affectional ones are 2, y. In the same way, if y be 
chosen as the regulative symbol, we shall have generally for any 
assigned value of y', » different pairs of values of a’, 2’. 

In the article of the last number of the Journal to which I have 
referred, +a is taken as the general form of the values of the re- 
gulative symbol, r being considered a constant quantity ; it is better 
however to adopt the form +%*)a for this purpose, as being evi- 
dently both more general and equally well adapted to the demon- 
stration of the two propositions which I have there discussed. 

3. In order to fix upon the mind distinctly the principles which 
we have laid down above, we will occupy ourselves in the deter- 
mination of the quantitive equations corresponding to the affec- 
tional equation 

y SORT assis cs congavse (1), 
both when x and when y is chosen as the regulative symbol. 

First, let us take 2 as the regulative symbol, and put it equal to 
+¢),a, the corresponding values of y being represented by the 
general expression +-°, and we have 

$ BP = 4 008, 

and therefore 
(cos 4sm-+ —* sin 487) B= Scos . 6p (a) + —*sin . 6p (a) wha; 
and this equation manifestly resolves itself into the two following, 

3? cos 48m = a® cos . 6p (a) 7 «+. (2), 

PB sin 4s7 = a® sin . 6p (a) w .. «- (3). 
But if 2’, y’, 2’, denote the three quantitive co-ordinates of any 
point x =+%*),a, y =-+%3, we have (see Vol. 11. No, 1x. Art. 3. 
of this Journal, ) 

a =a ©0826 (a) Wes. cosesee oe vv eee(4)s 

eB cats Bam ose se. 300.000 000 see sevens se CB), 

2’ =a sin. 2g (a) +3 sin Qsr......(6); 
and from the five equations (2), (3), (4), (5), (6), we should have 
to eliminate a, s, 3, in order to arrive at the two quantitive equa- 
tions corresponding to any one of the curves represented by the 
affectional equation (1). 
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For the sake of simplicity, suppose ¢ (a) = 0, and we shall then 
have, in place of the five general equations, the five following ones, 
(3? cos 4s7 = a’, p? sin 4sq7 — 0, 

2’ =a, y' = B cos Qsr, 2’ = p sin 2s7. 
From the second of these we see that 4s7 = 7, where \ denotes 


any integral number positive or negative, and therefore 2s7 = = 


First let \ = 2m, any even number, and we have 
i =a, 2’ = a, (—)y"y/’ = 3, “= 0, 
and therefore, considering that (—)*”y/? = y’, we get as the equa- 
tions to the corresponding curve 
G9 x oO on. peccenesnere (7) 
Secondly, let X= 2m + 1, any odd number, and we have 
— (3? =—a, 2 = ay y = 6 (—)M2/ = Bs; 
and therefore, since (— )*"2'* = 2'*, we have 
— 8 = a8, of = 0... 0000000(8)> 
Thus we see, that for the peculiar value which we have assigned 
to the function (a), the affectional equation (1) is equivalent to 
the two quantitive equations (7) and (8); and it is evident that if 
we give to 2’ any value whatever, we shall get from (7) and (8) 
two pairs of values of y’, 2’, generally different, or that a plane pa- 


rallel to that of y’, 2’, will be pierced in two points by the curvili- 
near loci of the equation (1). 

Next, take y as the regulative symbol, and for the sake of avoid- 
ing operose eliminations, assume it to be equal to (3, a symbol of 
mere magnitude affected by + or —. Then the equations between 
which the elimination of 7, a, (, are to be effected, +-"a being the 
general value of 2, will be 

3? =a* cos 6rz7, O0= a’ sin 6rz, 
a#=acos2rm, y¥ =P, 2 =asin 2rr. 

From the second of these equations we see that 6r7 = Am, and 


d ‘ : 
therefore 2rx = = , where \ denotes any integral number, posi- 


tive or negative. And if we assign to A each of the three forms 
3m, 3m+1, 3m+2, we shall clearly exhaust all its values. First 
then, let \ = 3m, and we have 
? = (—)"a’, (—)™ 2! = @,; y = B, “= 0, 
and therefore, since (— )*"2’* = a’°, we have 
gf® = 8, Ff HO a... .c0 creer eee (9). 
Secondly, let \ = 3m + 1, and we have vs 
a ’ m,/— 3 
Pal PR (— Peleg, Fah (Po menp 
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and therefore, since (—)4"+! a'3 — — 2'3, we have 
of? =— 83, of Ha V3 ooo eeeseeee (10). 
Thirdly, let \ = 3m + 2, and we have 


Br=(—)ne, (-)"*'=4a, f=B, (=a, 
and therefore 
y*=— 823, 2 =— a7 VS...... (11). 

From the three pairs of quantitive equations (9), (10), (11), it is 
evident that generally a plane drawn parallel to that of 2’, 2’, will 
be pierced in three different points by the curvilinear loci of the 
equation (1) when y is chosen as the regulative symbol. Like 
conclusions would have resulted from the imposition of any other 
value upon the function g(a). Thus the equation (1) represents 
two or three interminable curves accordingly as x or y is the regu- 
lative symbol. 

4. Suppose that, from the peculiar constitution of the function 
JS (2, y), when we put «= +9(*).a’, where a’ is some particular 
value of a, the equation f(z, y)=0 has n equal values +°(' of y, 
s and /7' being the corresponding particular values of sand 8. Con- 
sider 2 as the regulative symbol. In this case it is clear that the 
curves which belong to 2 as the regulative symbol, which for the 
convenience of a technicality we shall call the ‘# curves’, have a 
multiplicity at the point = +9). a’, y= +f, of the n™ de- 
gree. For the sake of brevity put +%@).a’=a and +*f'=6. 

By Taylor’s theorem, which by the nature of the function f(z, y) 
is evidently applicable to the present case, we have 


0=f (em =f (ata—a b+y—b) 
=S@) +{@- DF 4+0-HF\F@H 


. f d d ;? 
tl -9 G+ 0-9 GOS 
But since when we put x = a, the equation f(z, y) = 0 is to 
have m equal values b of y, it is clear that (y — b)" must be a di- 
visor of f(a, y), and therefore, as is evident from the development 
of f(x, y) which we have just given, of 


F (dy 8) +(y=B) Ff (a B+ 75 (Y~)* SS (8) oven 


Hence obviously the necessary and sufficient conditions for the 
existence of multiplicity of the x" degree in the ‘a curves’ at the 
point x= a, y = 4, are the following relations, 


d 2 
F(ab) =0 FH(ab)=0, 5 f(a) =0, 


ssid Spit (ay B) = 0 sevveesee (HI). 





AY 
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Again, in precisely the same way we might shew, that if the 
*y curves’ have a multiplicity of the m'" degree at the same point 
x=a, y = J, for any assignable form of the affectional coefficient 
of the general expression for y, we must have in addition to the 
above relations the m — 1 following ones, 


d b - d2 b a qdm-| b se 
jah (& b)=0, Fafa b)=0, ... f(a b)=0 «.... (HL) 


The coexistence of multiplicity, both for the ‘a2’ and the 
‘y curves’ at one and the same point, we shall characterize by the 
name of ‘complex multiplicity’, in distinction from the single 
multiplicity of either the ‘2’ or the ‘y curves’, which we shall call 
‘simple multiplicity’. If there be simple multiplicity of the m™ 
order in the ‘ 2 curves’, or of the n™ order in the ‘ y curves’, at any 
point, we shall call it multiplicity of the m,* or n, order respec- 
tively ; and if there be complex multiplicity consisting of two such 
simple multiplicities, we shall call it multiplicity of the (m, + n,)** 
order. 

5. From what we have said in the preceding section, it is 
obvious that the forms of which the equation (I) is necessarily and 
sufficiently susceptible for the existence of multiplicity of the 
m,'4, n,*, (m, + n,)", orders respectively at a point =a, y=), 
are 

(x — a)” o (x, y) + (y — }) x(a, y) = 9, 
(x — a) o(2, y) + (y — b)"y (a, y) =0, 

(w—a)™ o(a, y) + (e—a)P(y—b)* x(a, y)+(y—5)"p (a y)=0, 
where the quantities ¢(a, b), x(a, 6), W(a, 6), are not any of 
them in any of the three equations equal to zero. Thus it will 
frequently happen, that the existence of multiple points as well as 
the order of their multiplicity is manifest on inspection. Take for 
instances the following equations, 


ay® — x3 — ba? = 0.... ... (1); 


y + axt — Bay? = 0....... (2), 
(a? + y?)® — dary? = 0... (3), 
(a? + 29)? + = 0........ (4). 


In (1), when # =0, y® is a factor, and when y =0, 2° is a 
factor. Hence there is necessarily a complex multiple point at the 
origin of the (2, -+-2,)™ order. In (2), when x =0, y° is a 
factor, and when y = 0, 2* is a factor; hence there is at the origin 
a complex multiple point of the (4,-+ 5,)™ order. In (3), when 
x = 0, y® is a factor, and when y = 0, 2° is a factor. Hence there 
is at the origin a multiple point of the (6: + 6,)" order. In (4), 
when x= + —4a, y° isa factor, and when y = 0, (x +—!a)? 
or (x — —4a)* is a factor. Hence there are two multiple points 
of the order 2,4+2,, whose co-ordinates are ——+4a, 0, and —4a, 0. 


6. One of the most interesting cases of simple multiplicity is 





160 On the General Theory of Multiple Points. 


that which presents itself under the form of a maximum or 
minimum value of y, in a portion of the curvilinear locus of the 
equation (I), which lies in the plane +, +, at a point whose tan- 
gent is parallel to the axis of x. In this case it is clear that y being 
taken as the regulative symbol, and receiving every degree of posi- 
tive and negative magnitude, two values of 2 will become equal at 
the point in question. Let =a, y = 6, be the point: then, from 
what has been said in section (4), we have 


d 
aa BY 8D sessecerecececece (2) 


But we have by differentiating (1) at the point 


d d db 
da ) + GI) G, = © 


d 
and, the multiplicity being confined to the ‘y curves,’ Gf b) 


has necessarily some finite value. Hence from (2) 


db _ 0. 


If in addition to the multiplicity at the point a, 4, which belongs 
to the portion of the curvilinear locus of the ‘ y curves’ in the 
plane +, +, there exist likewise multiplicity at this point in re- 
spect to the ‘y curves’ which may pass through it without lying 
within the plane, then we shall have, in addition to the relation (1), 
the n — 2 following relations, 


ad da’ d»— 
dat % b) = 0, dat 56) = 6, ... agai s (% b) = 0. 


It is necessary here to remark, that the n is necessarily an even 
number. For by the theory of equations we know that roots of 
the form +"a, where r is a fractional quantity, enter equations 
whose coefficients are merely positive or negative magnitudes by 
pairs; and therefore when we assign to y various values which are 
confined to positive and negative magnitude in the neighbourhood 
of the point a, 5, it is clear that we must have for z an even num- 
ber of values of the form +a. Hence at the point a, 6, an even 
number of values of 2, generally of the form +-"a, must degenerate 
into the form +°a or a. And there are, by the nature of the case, 
only two of the form a for the neighbouring values of y. 

Hence, by perpetually differentiating (2) with respect to a for 
n — | times, it is successively obvious that 

ah Dh tee Le 
da® Bi ’ da® — — , 
and that finally 


d" d adh 
SxS (wb) + FS (a b) 5 = 05 
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d"h d* 


d , 
whence = dard \% b): a (a, 6). 


Thus we see, that for the existence of a maximum or a minimum 
value of y, and a tangent parallel to the axis of x, at any point in a 
portion of the curvilinear locus of the equation (1) which lies 
within the plane +, +, an odd number only of its differential co- 
efficients vanish, the order of the first which does not vanish cor- 
responding to the order of the simple multiplicity of the ‘ y curves’ 
which pass through the point. 

It may be remarked, that both Fermat in his Treatise de Maz. 
et Min., and Hudde (see Schvoten’s Additions to Des Cartes’ 
Geometry, at the end of the first volume of his edition), who were 
the earliest writers on the analytical theory of maxima and minima, 
founded their reasonings on the idea of two equal ordinates of a 
curve uniting into one; which agrees with the method of consider- 
ing the subject which we have developed above. The principle 
from which Newton deduced the rule for the determination of a 
maximum or minimum point is, that the fluxion or increment of the 
ordinate vanishes at the point; and although this method, with cer- 
tain modifications of expression, has been generally adopted, and is 
of course perfectly legitimate in itself, yet since it is not compre- 
hensive of the theory of a plurality of branches, which we have shewn 
to be connected with the occasional vanishing of the differential 
coefficients of the higher orders at a maximum or minimum point, 
the solution of the problem according to the notion of Fermat and 
Hudde seems to deserve a preference, 


Ex. As an instance of simple multiplicity, we may take the 
equation y = (2 —-a)'. 

Four ‘y curves’ pass through the point x= a, y = 0; two of 
which pierce the plane +, +, without lying within it on either 
side of the point, while the other two leave the plane on one side 
only of the point. Only one ‘x curve’ passes through the point. 


7. We will now proceed to explain the true nature of a ‘ conju- 
gate’ or ‘isolated’ point. Suppose that «=a, y= 4, are the 
equations to a conjugate point, a and 6d being both of the form 
+°p. Then, when 2 receives any value whatever of the form +°p 
differing slightly from a, y by the nature of a conjugate point will 
assume ” values of the form +%p, if n be the degree of the equa- 
tion in 3, where s is some fractional quantity ; and from this it is 
evident, conversely, that if y receives any value whatever of the 
form +°p, differing slightly from 6, x will necessarily assume m 
values of the form +‘p, if m be the degree of the equation in 2, 
where s is some fractional quantity. Now since roots of the 
form +“p present themselves by pairs in equations whose coefficients 
are of the form +°p, it is clear that if any one root of the form 
+‘p degenerates into one of the form +°p, from any alteration in 
the magnitudes of the coefficients, their form being unaltered, an 


bic 
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even number of roots must do so: and thus we see clearly, that 
when x is put =a in the equation (1) at a conjugate point, the 
resulting equation in y must have a common factor of the form 
(y — 5)”, where p denotes some positive integer ; and conversely 
when we put y=5, the resulting equation in 2 must have acommon 
factor of the form (2—a)*%, where g denotes some positive integer. 
Thus we see that a conjugate point is merely a complex multiple 
point corresponding to the ‘a’ and the ‘y curves’, which belong 
respectively to the regulative forms +°a and +° of a and y, the 
regulative symbols ; the branches of the curves piercing the plane 
+, +, at the point. The multiplicity of the point is to be deter- 
mined according to the principles of section (4). We have been 
speaking above as if the conjugate point were perfectly out of the 
way of any branch in the plane +, + ; but it of course may happen 
that one or more branches in this plane may pass through the point, 
and under these circumstances it is plain that the plurality of the 
equal roots a and b of f(a, b) = 0 and f(a, y) = 0 respectively, 
will be augmented according to the number of these additional 
branches, 

Ex. There is a conjugate point z= 0, y = 0, conrtcted with 
the equation 

x? 4 y? — 0. 
The equations to the two ‘x curves’ are 
a’ +2/=0, y'=0, 
and 2’ —z2=0, y'=0. 
And the equations to the two ‘y curves’ are 
y +2=0, 2 =0, 
and y — 2 =0, 2 = 0, 
both the x and the y, as regulative symbols, being restricted to the 
form +°p. 
Ex. Take the equation 
y' — («# — a = 0. 

Here (a, 0) are the co-ordinates of a conjugate point of the 
(2,+2,)™ order, and of an additional multiplicity of the (1,4+2,) 
order ; this latter multiplicity corresponding evidently to a minimum 
value of y. 

8. It occasionally happens that the differential coefficients 
dy d*y d’y 
dx’ dx*’ dx°’ 
the form +°p at a conjugate point. For instance, the curve whose 
equation is 


...» to whatever order it may be, have values of 


(y — cx)? = (a — 6)'. (x — a), 


5 
or y = cx? + (x — b)*. (a — a)’, 
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where a is less than }, has a conjugate point whose co-ordinates 


are x =a, y = ca’; and differentiating, we have 
Y — S692 by? 245 (By! 3 
Gq = Bex? + 3 (w — b)* (w@ — a? + 5 (2 — 6)’ (w— a)’, 


== $ca* at the conjugate point, 
d*y 
a= = Ger +6(a—b)* (a — @)+15(a—b)” ?(@—a)?+ 2 (2-0)? (a—a)®, 


=6ca at the point. 


We will proceed to investigate generally the geometrical pecu- 
liarities of such points corresponding to these peculiar algebraical 
relations. 

Take x as the regulative symbol, and assume +°a, or, which is 
the same thing, a as its general form, +*8 being the corres- 
ponding form for y. 

Then we have 


= et) 


= < $8 cos Wsr + (— e B sin 2sr3 


_ « ae 
= = & cos 2sr) + (—) aa (PF sin 2sr), 


= t (B cos 2Qsr) + (= ts sin 2Qsr), since x=a. 


But 2’, y', 2’, representing the quantitive co-ordinates of any 
point of the curve, we have by the paper in the last number of 
the Journal to which we have before referred, putting r = 0, 


z=a, y ae and 2’ poe 


dy 
7 — 4 
Hence Fe ae! vy (- ) ai 
and therefore, since z =a = 2’, 
, Pe 


dy 
Ge = ga t (Ga 


dy _d 

a -~ ey +{~? rf a 

&e. = &e. 

dy dy dy 
da’ dx*’ dx’ 
values of the form + °p; then clearly, from the relations which we 
have established, we must have 


Suppose now that r of the coefficients ... have 


dtz' 
a aah, 
Pi 
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or the ‘xz curves’ which pass through the point «=a, y = ca’, 
corresponding to a regulative cvefficient +°, have a contact of the 
r‘" order with the plane of 2’, y’, or, which is the same thing, with 
the plane (+, +). 

Several writers on the Calculus have erroneously supposed that 


dy . eo ; . . 
oes at a conjugate point, is necessarily of the form 


p(cos 0+ —2 sin @), 

sin 6 being considered a finite quantity. 

See, for instance, Hall’s Differential and Integral Calculus, a work 
generally used in this University. 

9. It may be well to take the present opportunity to offer a few 
observations on a theory which has been frequently proposed on 
the subject of conjugate points; the theory is, that they are in all 
cases vanishing ovals. See the Encyclopédie Méthodique, under 
the word Conjuguée; or see Montucla’s Histoire des Mathematiques. 
This theory has been adopted by Professor De Morgan, in his 
Treatise on the Differential and Integral Caleulus in the Library 
of Useful Knowledge; whose remarks on this subject we will pre- 
sent in his own words:—‘“T call the conjugate point an evanescent 
oval, because it never exists except where the equation is a dege- 
nerate variety of a wider class, each curve of which has an oval. 
The most simple case is that of (« — a)’ +(y— 6b)? =0, which 
belongs to no point except (a,b). This conjugate point is the 
circle described with a radius =0, or an evanescent circle. 
Again, 

y = + V §a(@ — 4) (@ — bf, 
a and 6 being positive, and 6 > a, consists of an oval from x = 0 
to x = 4, an unoccupied interval from « =a to 2 = J, and infinite 
branches above and below this axis from x= upwards. As a di- 
minishes, the oval becomes smaller, and finally when a=O, the 


form of the equation becomes y =a V2 -- b, which gives y = 0 
when x = 0, or the origin is a point of the curve: but there is no 
further point until « =.” Now the number of tangents which 
can be drawn to a finite oval is evidently unlimited, and conse- 


} 
a . : ; 
quently the value of a » when the oval vanishes and all its consti- 
dx 


tuent points coalesce, must remain perfectly indeterminate. Thus, 
if we take the equation 


(@@ — a) + (y—b? =r 
we have by differentiation 
d 


Y 
iat — 6) += 0, 
ete tte) 


a x—a 
and therefore —- = -- ——.. 
dx y— b 
Suppose now that r becomes zero; then the equation to the curve 
will become 


(7 —ay? 4 (y — bP = 0. 
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But x and y being confined to quantitive values, must evidently in 
this case be equal to a and b respectively; and the equation is 
satisfied thus without the existence of any determinate vanishing 


d: 0 0... 
ratio between x —a and y — J, and thus A eal the o being 


perfectly indeterminate. According to the theory then of the va- 
nishing oval, the test of the existence of a conjugate point would 


‘. dl: 
be the essential indeterminateness of ; z. 


According to the theory of conjugate points which I have laid 
down, the evanescence of an oval is merely accessary to the exist- 
ence of the point. In fact, when the oval vanishes the branches of 
the curve which deviate from the plane +, +, at its four ex- 
tremities, corresponding to the minimum and maximum values of 
x and y, as we have explained in sect. 6, all come to have a common 
point, and thus constitute the complex multiplicity which charac- 
terizes a conjugate point. The advantage of the theory which I 
have expounded, in comparison with that which has just been de- 
scribed, consists in its more natural connection with the system of 
interpretation of geometrical equations, which exhibits an entire 
correspondence between the degree of the equation in a and y and 
the geometrical characters of its locus. 

10. Suppose that when 2 is put equal to a in the equation (1), 
two of the ‘x curves’ meet each other in the plane (+, +), ata 
point where y is equal to b: suppose also that when z =a — hf, 
where / denotes any small magnitude affected by + or —, these 
two curves lie without the plane (+, +), and when a = a + A, 
lie within it. Then clearly, since roots of the form k +(—)*/ 
which belong to the equation f $(a—A), 3 =0, must by pairs de- 
generate into roots of the form +°p, when a+ h replaces a — h, 
it is clear that the equations to the two ‘2 curves’, which at present 
occupy our attention, must be susceptible of expression under the 
form 

> 
y = ¢(@) + (@—a) 4% (2), 
where p and g denote integral numbers. 

Hence we have 2 
d do (x Qp+1 a ee dba 
om (©) + EE (ema) 4d (a) (ea) © te), 

In this expression put a =a; and then we get 


dy _ dg (a) 
dx da ’ 
2p +1 


according as ~ 2q is greater or less than unity. 


or = + &, 


d 
The latter of these values for i shews that the two curves are 

















166 On the General Theory of Multiple Points. 


continuously connected in the plane +, +, at the point x =a, 
y = 6, and tend in opposite directions; that is, it corresponds to a 
maximum or minimum value of z in the plane +, +, and belongs 
to the case which we have discussed in section 4. The former of 


the values for “ shews that the tangents in the plane +, +, at 


points in the two ‘z curves’, coalesce at the point =a, y=, and 
corresponds to what is called a cusp; it being evident from this 
that there can be no such a thing as a cusp with a finite angle. 


If the coalescent tangents of a cusp be oblique to the axes of x 
and y, it is easily seen that for any value of 2 the equation (I) 
gives two values for y, generally different, but coincident at the 
cusp, and vice versd, interchanging # and y. Hence, at a cusp 
under these circumstances, we must have 


d d 
Fat (mb) = 0, F(a, b) = 0. 


Secondly, let the coalescent tangents be parallel to the axis of x. 
Then clearly for any assignable value of x we shall have from the 
equation (1), two values of y, generally different, but coinciding at 
the cusp. 


Hence we have necessarily 
d 
a S (a,b) = 0. 


But by differentiating the equation (I) with respect to 2, and 
putting z =a, y = 6, in the result, we have 


d d db 
dat (% 4) + Bsa b) 7 = 0; 


db 
and since ss must be equal to zero, we have 


d db 
apt (a b) ° - = 0, 
and therefore 


d 
5, F(a; b) = 03 


and similarly if the coalescent tangents had been parallel to the 
axis of y we should have proved these two relations. Hence gene- 
rally we see, that the conditions sufficient for the existence of com- 
plex multiplicity are always satisfied at a cusp, which is therefore 
a complex multiple point where in one direction the branches lie 
within the plane +, +, and in the other deviate from it. The 
multiplicity at a cusp will clearly always be even, both for the ‘2’ 
and for the ‘y curves’, except when = or ow respectively are 
equal to zero, and the cusp is of the first species. 
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The algebraical problem of a plurality of branches at a point in 
the plane +, +, was first noticed and discussed by Rolle in the 
Journal des Scavans for the year 1702, under the title of ‘ Regles 
et Remarques pour le Probleme general des Tangents,’ by purely 
algebraical considerations, where it was appealed to by him as an 
instance of the insufficiency of the differential calculus. Saurin 
replied to Rolle’s memoir in the same Journal for the year 1703, 
shewing that the principles developed by De Il’Hopital in 1l'Anal. 
des Infin. Pet., were perfectly adequate to a solution of the prob- 
lem. There are papers on the same subject by Saurin also in the 
Memoires de 0 Academie for 1716 and 1723. The whole theory 
was presented under a more regular aspect by Camus, in the 
Memoires de U Academie for 1747. 

11. It may evidently happen sometimes, that at one and the 
same point in the plane +, +, there may coexist a conjugate point, 
a cusp, a point of simple multiplicity, and an ordinary multiple 
point. Under these circumstances it is plain that the order of the 
multiplicities of the ‘x’ and of the ‘y curves’ will be such as to 
comprehend the multiplicity due to each of the four coincident 
points; and will be represented by the number of the relations 
which we have exhibited in section (4). 


IV.—INVESTIGATION OF SERIES FOR THE APPROXI- 
MATE VALUES OF DEFINITE INTEGRALS. 


Tue method of the separation of symbols may be conveniently 
applied to the investigation of the series for the approximate values 
of Definite Integrals, in terms of small increments of the variables. 


Let a and 8 be the extreme values of the variable, and let the 
interval a — b be divided into x parts, each equal to h, so that 
a—b=nh. Then if, as has been done in former articles, we put 

d 
ett = D, 
Sf (v 4+ nh) —f(%) = (D™ — 1) f(#) (1). 
pz ee pr — h @ 
oe oe dz 
Now D" l= Do Di (e 1) 


nh 2 3 3 
_D ‘ f.34 he d? Ww d se.) 


(D*— 1) = 


= pit \“ae t 12 at + 195 a 
Substituting this value in (1), and integrating and representing 


SS (x) de by f, (#); 


we have 


hime i? Wy 
fem) f= Bey Med +agS (a) + Tas’ (x) +e, | 
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Dz ] 
D*~1 
Substituting this expression written in the contrary order, 
S(@ + nh) — f(«) = 
h2 
= (14 D' 4&e. 4 DO) Shp (a) 4 = f'(x) + &eR 
= ALS (2) +f (4 h)+ 8. 4f fe + (n= 1) 13] 
i? / f 
be LS (a) 4S (wth) +&e. +f" fe 4 (n—1) 3] 
+ &e. ; 
Now, putting x = a, and consequently « + nh = b, we have 
S,(b)— ™ h \ taitieeialaiae +f ja + (m—1) 23) 
ar (4 f(a th) +&e. +f" fa + (m—1) AR] 


-- on 
Again, since we have 


But = D@-dh 4 Pin-h 4 Be, 4+ D’ +1. 


nh a 
14 D'+é&e.4 D—)*— = - =(D""— 1) (c' dz _})-1, 


d 


we may expand the factor (e’@*— 1)- by Bernoulli’s numbers, 
when it becomes 


1 /d\—' B,, d Bs ed : 
i (z) —~3+ 94a — Tasa” am t 8 
We therefore have 
(14-D" +D*" + &e. +D"-)*) f(a) 


d B, d\8 - 
on ah . ie L, 
=—(O"—2), x(a) eis dx ~iia *G >) tel ad 
B. wa 
=(D"—1 vf fe) AS) + 79 Wg Me) +80] 
Whence, « transposition and iielictiin by h, 


(D™*—1) f(x) =k [Efla) 4 f(a+h) + &e. 4h fo 4 (n— 1) 
+4f(x+mnh)] 


~(D—1) >) ihr (2) 


mh __ _ Arp 
+(D"*—1) ane if" (ae) 
— &e. 


Now substituting a for 2 and b for x + nh, we have 
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S(O)~-S(Q)=hGS(@ f(A +h) + &0. +f fa + (2— 1h +3F(0)] 
B 
— Toh ' ) -f' (@} 


B, 4 “ we 
+ jagg MEO) —P(a)§ 
— &e. 
See Poisson Mécanique, Vol. 1., p. 23. 


V.—ON THE INTEGRATION OF CERTAIN DIFFE- 
RENTIAL EQUATIONS. 


By R. L. Extis, B.A., Fellow of Trinity College. 


Ir is shown in the theory of the earth’s figure, that if the pressure 
and density at any point be connected by the equation 
dp = kp dp, 
where & is a constant, then the ellipticity of the surface may be de- 
duced from the solution of the equation 
Fa S 
dat + 19 = 8° 
This equation is not easily integrated. La Place, in the eleventh 
book of the Mécanique Céleste, (v. 51), gives a solution of it, but 
without demonstration; and the lacuna thus left is not supplied in 
the works on the subject generally made use of in Cambridge. 


Mr. Gaskin has however effected the integration of 

BY ot = PAP—}) 

a +7 & 
when p is integral, in finite terms, (vide Hymers’ Diff. Eq. p. 53), 
and the proposed equation is a case of this one. But perhaps a 
more direct analysis is preferable, as it enables us to extend our 
method to two or three classes of equations of all orders. One of 
these will be considered in the present paper—another, the solution 
of which admits of a remarkable symbolical form, will be given in 
the next number of the Journal. 


We shall begin with the particular equation which occurs in the 
theory of the earth’s figure, both because from its physical applica- 
tion it has an interest for some who care but little for pure ana- 
lysis, and because it will exemplify the general method. 

d*y 


ma as 
dx + gy = 6 ap ree + wea (1). 
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Let Y = 2A," ... 0.000 seve vee(2)y 
*, jn (nm — 1) — Ba, + q*a,_, = 0...(3), 
n(n—1)—6=n (n—1)—3 (3—1) =(n—8) (n 42), 
". (n—3) (n42)a, + q@a,_,=0...(4). 
To get rid of the factor (x—3), assume 
(m + 2)a, = (m — 1) by ws... (5), 
*@. = 2 b 
3 n 
_ n(n 1), + 97b,_, = 0...(6). 
Hence b, is made to depe nd on 6, or %, as » is odd or even, and 
we see at once that 
Lb,2" = b, cos gx + b, sin ga, 
or changing the constants, 
&b,a" = C (sin g @ + a) 


n=?’ 


Also by (5), 
b, 3 . 
a, = b, —¢ n+ 9 — b,, + - (% 4 1) Bago (8), 
for by (6), 


i 
(x +1) Deng + oo On = 0 


3 
°. Zas” = 22" - =(n— 1)b,a" ? 


x 


sin 1 (qx fa \' 
x 


3 by) ny? 
ame + 5 (BY, 
Yi 


a 
*. y=C sin (qa ta) + > at 
the complete solution, which Wr be written thus, 
| 3 3 
=C | sin (ga +a) (1 — -) + —cos (gz+«) 10). 
pnt cn (@ gat} * os 4 
We now proceed to the more general equation, 
+ gy =p(p - 1) %, wnewis odtons (RED 
As before, we shall get 
gn (n — 1) — p(p — 18 an + ga,_, = 0..... (12). 
Now n(n—1)—p(p—1)=(n—p) (n+p —1)...(13), 
which is the fundamental principle of our analysis, 
'. (n—p) (n+ p—1)a, + ga,_, = 0 
Assume (n+p—1)a,=(n—p + 2)b, 


n—p 





aD 


n+p § ~ 
and (n—p42) (n4 p—3) 6,4 qb, _,=0 eae (16). 


a,-2 = 
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Again, assume 
(n+p — 3)b, = (mn—pt 4), 0. (17); 


and so on successively. Thus we shall get a series of equations, 


of which 
(n—p+p) (M+ p—p—1) b+ Gng=0...-. (18), 
is the general type, where p is even. 
If p is even, let p=p, -.p—p-l=-1). 
If it is odd, let p=p+1, -. -pty=-l: 
and in both cases (15) becomes 
n(n —1)1, 4 gl 


n=2 


==, 
and therefore 
sla" = C sin (qx + a)...... (19). 
Let jm—pt (y—-2)3( tp—H +1) nt Fi,-y=0, 
(n—ptp) (ntp—p—1) hk, +9, =, 
be any two consecutive equations; then 
(n+ p—p+1) R=(M—pt+p) Ruseceeeee (20), 
N—p+p=n+p—p+1—2 (p—p)—1, 
k 
oN f=h— 18-0) 413 ——* —. ... (91), 
n— $2 (P—)+ S etp—ptl (21) 
hn 
nt+p—ptl 
2(p—p) +1 
i 


1 
and = “2° +2—p+p) Rayo» 


. Sia = Thaw + 


2(n—p+p) ka"? 


Now (n—p +p) hye"? = 2P-#-' (n—p Ep) hare ter 


’ 
— gPrp-) hy" 
= prod 


y — y n\! 


) -=(22). 


By the application of this formula, y or Za,«" may be deduced 
by a series of regular operations from C sin (qa + a). 
If p is even, 2(p — ») +1 gives the series 1, 5, 9, &e. 
If it is odd, the series is 3, 7, 11, &c. 
Particular cases may be solved by (22) with considerable facility. 
By inspection we have 


aoe 





1 


1 
¥=C isi (qv + a) + oo cos (gx +4 “)y 


for the solution of 


d*y —e 
dx * T9= x" 
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, d* 
The solution of oa + gy= >, where p = 5, is easily seen 
to be 


ieee {sin (qu +a) + a(= Agee s}\ 


PN a “(3 sin (qe + a) + = (e+ 9) 


x 
Lastly, the solution of 
d*y . 
ax* + gy= 
is y= C (sin (qv +a) + ae (qv + «)) 


5C 1 
+ ae «{z colon = 08 (ge + @)) 
The second line is equivalent to 


12y 


a? 


5C 1 Bos 
giz (4 cos (gx+a)— 7 cos (gx-+a)— > sin (qz+a) 


2. 2 
— z sin (ge-+a)— = cos (gz-+a)), 
and thus 


y=C (sin (ge-+a)+ = oz 08 (qe-+a)— -> sin (qa+a) 


at 
_ ae cos (qe +a)). 
These examples will sufficiently illustrate the general formula. 
The same method is applicable to the equation 
tay =P (p-1)5 
Here we bed 
n $(n—1) (n—2)—p(p—1)}} a, + q°a,_,=0, 
*, n(n—p—1) (n+p—2) an+q°a,_,=0. 
Let (n4+p—2) a,=(n—p—1+ 3) b, 
". n(n—p—1+43) (n+ p—2—3) by + g%n_,=0; 
and generally 
n(n—p—1 +) (n+p—2—») n+ q%r_4=0 
where » is divisible by 3. 
If p is so too, let p = v, 
n—p—l14+v=n—1 and 24 p—2—y=n—2. 
If p — 1 is divisible by 3, let p ~ 1 = », 
“. —p—l4v=—2 and p—2—y=—1; 
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and in both cases (24) becomes 
n (n—1) (n—2) 1 4-q°l,_,=0, 
and therefore 3/,2* fulfils the equation 
ot $ gz =O cesecesecseees (25). 
Again, if 
n (n—p—1+4v—3) (nt-p—2—yv+83) J, + 9°l,_,==0, 
n (n—p—1+v) (n4+p—2-—r) kn + QVhy_,=9, 
be any consecutive equations, we have 


(n+p—2—v+43)i,=(n—p—1+y7) ky 


kn 
ee ee 
. (p+ errs jee 
hn * 1 
Also, a (n+3)+p—14y) Rays, 


*, 34,2" Dh, a* + i sm 


or Dt,2"=dhk,a" 4+ spt} awp-v-) (ee) ne ~) .(26), 


as may easily be seen @ priori, or verified by differentiation. The 
formula (26) is used in the same way as (22), to which it is 
analogous. 


) 3n (n—p—1 4) h,x"3, 


We will give one a of its application, 
6 dy 
3y — 
- s+9 2 dx’ 
The solution of 


A + gz = 0, is 


z= Cer +4 Ci sin e qx + a) 
and by (26), 
ae 2.(3+ 1— 3) (=), 
sinenliaiiad q° ° eda 
a 2 dz hich ¢3 
or port Pz’ Which gives 


2 
y= Cow (1 + =) + 


tf . (V3 1\ “3 v3 
+ C,e? {sin e+e) (1- =) vo cos (F ge+a)} 


for the complete solution of the proposed equation. 
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It is obvious that analogous equations exist in all orders, and 
that when p is of certain forms, 


d”"y a | qdm-2 
ae + TY =P (P—1) 5 Gay 
may be integrated in finite terms. 


It will be sufficient, after what has been said for the cases of 
m==2 and = 3, to state the results of the general investigation ; 
they may be very readily deduced by the same method as that we 
have already used. 

The process succeeds when either of the factors p or p—1 is 
divisible by m, and the general formula of which (22) and (26) 
are cases, is 
/ 


2(p—rm)+m—1 


ni. m4 
Li, a" = Thx — 


el 
gPp-rm—t ~(p-Tm) 3h nt” 
(senate) 


Particular cases may however be easily solved withuut reference 
to this formula; thus, if we had 


4 ¢ 2 
ie :~ Ty = 7 ef 
we should proceed as follows : 
n (n—1) 3(n—2) (n—3)—4. 33 a,—q'a,_,=0, 
n (n—1)(nm—6) (n +1) a,—q'a,_,=0, 
(nm + 1) dp =(n— 2) b,, 
“. n(n—1) (n—2) (n—3) b —q'b 
» (2bnx")” — 94 3 b,a"=0, 
*, 2,2" ==C,et* + Cye~4* + C, sin (ga 4a), 
3 
n+l 


n= 4= 9 


3 
and a,=b,— b, =br— 7 (n+ 4) (43) (n42)b,_, 


3 
°.y=z ie un(n—1) (n—2) b,a*-4, 


d3 
=>b,a2" — a; —~ Lhnx ’ 


3 
“y= a pee ye 47 _— 
y=C,e4 ( -) +Cae (14 ==) 


+C, (sin (qv +4a)+ = cos (qr +«) : 


The principle of our analysis, it has already been remarked, is 
contained in the equation 


n(n—1)—p(p—1)=(n—p) (n+p—1); 


and this consideration suggests an extension of it. 
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For it is obvious that the coefficients of a, in 


d™"y : d’ 1 qm—s-2 ) 
zen? *4 0 PPT) 1 oa game 


differ only in this, that where the first has the factors 
(n—m+4+s+42)(n—m+4s+4 1), 
the second has p (p — 1). 


Thus the same transformation applies; and if either p, or p—1 
is divisible by m, the solution of 


d™ 8 m—s—2 
= +9"y=p(p—1) a (= on y) cei (28), 
may be made to depend on that of 
dy 
dy" ? q"y = 0, 


and thus effected in finite terms. 

The formula of reduction in this case is a little more compli- 
cated than those already given, and we will not dwell longer upon 
it, our object being rather to point out the integrability of certain 
classes of equations than actually to integrate them. 

The equation 

n(n—1)~—p(p-1)=(n—p) (n+ p—1)s 
is a particular case of 
n(n—)—p (p—p)=(n—p) (n+ p—p), 
and the latter will give us various formule of reduction accord- 
ing to the value of «. Thus 
d*y _1 dy y 


de® ce de TY HP OP 2) 


may be reduced to 
d‘y _ldy, . 
dx® re ef ia 
for the coefficient of a, in the former is 
n(n — 2) —p(p— 2) =(n —p)(n + p — 2), 
which, provided p is even, may be reduced to n(n — 2). But in 
this, and in analogous cases, the auxiliary equation is, apparently, 
insoluble. 
The applicability of our transformation would, it is evident, not 
be affected, if the equation were, instead of (25), 
d”y m—t dy aie c ° 
dx” |} q d. =O, &e. see eeree (29); 


xt 
and, provided p or p — 1 were divisible by m — ¢, (29) might be 
reduced to 


oy. 
dx" dae! 

















a: 









—— 


Se ae 






eg SS eee 
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But this case requires more care than those already considered, 
as if certain factors which apparently disappear are neglected, our 
solution is incomplete, or erroneous. 

An instance will make this clear, 

d*y dy _,¥ 
dt TT de ~~ gt" 
Here = (n—2) (n41) an4(m—1)% ay_,=0 .....(A). 
Let (N41) dn=(M—1) by... -. vee (a), 

. (n—2) (n—1) 2b, 4 (M—-2) (n—1)1 Dy_,=0...(B), 

The factor n—2 may be safely neglected. But n—1 is essential, 
because the solution of the auxiliary equation 

d*z dz 
dx +1 Gy = 
gives (n— 1) (nbn +4 b,_,)=0, 
and would be incomplete if we omitted the first factor. 
From (a) we get 





ee ee ae ’ 
n+l] 
and, as except when n = 1, there is 
b,, 1 
n bn+4q b,_,=9, n+l =- q oe? unless »=0, 


2 
"os iy = De Ps Bass a eee (a’). 


Now the solution of the auxiliary equation is 
z= eC, + c,et; 
and from (a’) we deduce 


therefore y = (1 + =) (ce, + ¢, e797) 


is apparently the solution of the proposed equation. But it will be 
found not to satisfy it, unless c, = 0, and then 
2 
= qe 
y=, (1 + oe e 

is only a particular solution. The reason is, that in laying down 
(a’) as generally true, we imply that 

nb, + 9 b,_,=0 
is true for m=1; whereas the equation which contains the solution 

d*z dz _ ’ 
of 7 + q gz = % viz. 
(n i 1) (n by + q ba_,) = 0, 


shows that 5, is not necessarily connected with b,; and that if we 











d, 


ur 


ll be 
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assume such connection, we get only a particular solution. Hence 
our formula of reduction implies the connection of 5, and b,; while 
their independence is implied in the general solution of the auxi- 
liary equation, to which this formula is applied ; and these contra- 
dictory suppositions lead to an erroneous result. To put e,—0, is 
to connect 6, and 4,, or, which is the same thing, to neglect the 
factor x — 1; and the value of y thus got is therefore a solution, 
but not the complete solution of the proposed equation, 


To complete it, we must, bearing in mind the independence of 
bo, recur to (a), which is always true, 


'.a4= — bj; 


and from (a’), which is true for m = — 1, we get 


2 
a_, = i f- q b,. 
Now b_, is obviously = 0, 
2 
°..4.,=—--; 


and these two quantities are independent of a,, a,, &c., 


i y= 4, (1 — =) 
qe. 


is a particular solution, and 


a 4 . i 
=e _— — C. A os] Ct 
y ( = a ( ks 


is the complete solution of the proposed equation. 

The method of proceeding suggested by this example, is to ob- 
tain a solution, neglecting all factors analogous to (x —1), and then 
to complete it by reference to the assumptions of transformation, 
such as (a), which have been made use of, 


The equations which we have solved are not a very numerous 
nor perhaps an important class. But one of them, at least, is sus- 
ceptible of a physical application of great interest; and so few 
equations of the higher orders are integrable in finite terms, that 
the discussion of those which are, has always some degree of value. 











VI._ANALYTICAL SOLUTIONS OF PROBLEMS IN 
PLANE ASTRONOMY. 










To the Editor of the Cambridge Mathematical Journal. 


Sir,—In the fourth number of your Journal, you inserted the 
analytical solution of certain problems of Plane Astronomy. The 
following are other problems belonging to the same subject, of 
which the analytical solutions are extremely simple. Perhaps 
they may interest some of your readers. 

1. To find how much the time of a star's rising is altered by 
refraction,—( Maddy's Astronomy, p. 176.) 

Let r denote the refraction. 

The problem consists in finding the difference between the 
hour-angle of the star corresponding to the zenith distance 90°, 
and that corresponding to the zenith distance 90°+4+ 7. This 
difference divided by 15° will give the difference between the 
star's apparent and real time of rising. 

i Now, if z denote the zenith distance of a heavenly body, é its 
declination, / its hour-angle, / the latitude of the place, 
cos z = sin 7 sin ¢ + cos h cos / cos 6. 

Therefore if Ah denote the’ small difference of A corresponding 

to the difference Az of z, 
sin z Az = sin h cos / cos 6 Ah, 


















Se (1). 
sin h cos 1 cos ¢ 

In the actual problem z ='90°, and Az = r; 

T 


-.- Ak= 


~ sin A cos ¢ cos é 





But, since z = 90°, cos hk = — tan / tan 4. 
_ / $(cos 1)? (eos é)?—(sin 7)? (sin 0)*2 
. snk=- ‘Bh. tasstiet' bt 3 

cos / cos 6 


__ v feos (I-42) c08 (U2) 
~ eos d cos 8 ‘ 
_ r 

~~ af $cos (14-6) cos (—8)3 ‘ 

2. To find the retardation of the moon’s rising on successive 
days, in consequence of her motion in her orbit. (Maddy’s Astro- 
nomy, p. 290.) 

Let m represent the moon’s daily motion in her orbit, 2 the 
inclination of her orbit to the horizon. Then m sin 2 is the moon’s 
daily motion perpendicular to the horizon, and is therefore the 





. Bk 
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angle by which she is depressed below the horizon at the time 
when if she had no motion in her orbit she would be rising. 

The problem consists, then, in finding the time in which the 
revolution of the earth about its axis changes the moon's zenith 
distance from 900 + m sin m to 90°. Consequently the caleula- 
tions of this problem are precisely the same as those of the last. 
Equation (1) gives us, in this case, 

m sin n 


Ah =_—- a9 
sin h cos / cos 6 


m sin n 





This quantity divided by 15 gives the retardation of the moon's 
wising in consequence of her motion in her orbit. 


I am, Sir, &c. 
A. €. 


November 6th, 1840. 


VIL—ANALYTICAL GEOMETRY. 
By G. Booxg, Lincoln. 


1. In the miscellaneous investigations of the following paper, I 
shall have frequent occasion to refer to a theorem noticed by a 
writer in the first volume of this Journal, and which it may be as 
well here to recapitulate, viz., 

(ay—bx)? + (bz—cy)? + (cx — az)? = (a? +6? +e") (a? ++? +27) (1) 

—(ax + by }-cz)?=(a? +b? 4c?) (a? 4y? 427) sin? OS” 
where @ is the inclination of two lines, whose direction cosines are 
proportional to a, b, c, x, y, z, respectively. 

The functions ay — ba, bz — cy, ca — az, and others of similar 
form, are of very frequent occurrence in Analytical Mechanics 
and Geometry, and in questions generally, relative to space. They 
may in all cases be considered as resulting from an elimination 
between two linear equations. If those equations are of the form 

lz + my + nz = 0, 
lz +my+n'z = 0, 
which includes the conditions of perpendicularity for similar 
loci of the first degree, we obtain by successively eliminating the 
variables 
wan... eee! eae ey ..se nd 
mn —mn xnl—nl Im — tm’ 
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180 Analytical Geometry. 


whence it appears, that if mn'—m’'n, nl'—xn'l, ln'—I'm, are pro- 
portional to the direction cosines of a proposed straight line, that 
line will be perpendicular to the straight lines, and parallel to the 
planes whose direction cosines are 7, m, n and [’, m', n', The con- 
verse of this proposition is true, when we take mn’ — m'n, &e. pro- 
portional to the direction cosines of a proposed plane. 


2. We shall next proceed to investigate a general expression for 
the minimum distance of two loci of the first degree ; to accomplish 
which it will be sufficient, as might easily be shewn, to discuss ge- 
nerally the case of two straight lines. 


If, according to the usual method, we seek the minimum value 
of the function 


(x — 2)? + (y — y')? + (2 — 2), 


the variables being connected by the equations 


see eereee 


we find after eliminating the differentials 
L(a—a') +m (y—y/) 4+ (z—2')=0......(4); 
U (a—a') 4m! (y—y')4+n' (z—2')=0... ..(5). 

Multiply the successive terms of (4) by the corresponding terms 
of (2), and those of (5) by the corresponding terms of (3), and we 
obtain 

(w—a) (w—a') +(y—b) (y—y') + (2-¢) (2-2) =0, 
(2! —a’) (w—a') + (y —0) (y—y') + (2 —¢) (2 -2')=0. 
Whence, by subtraction and transposition, 
(x—a')?4 (y—y')? + (2—2'P=(a—@/) (a a') + (b—¥) (y—y’) 
+(e—¢) @—#), 
and dividing by / $(a—a')?+(y—y')?4+ (2-2), 
(a—4) (e@—#) + (6-0) y—y') + (e—€) (2—2') 
WEP + y—y'P + 2-2) ; 
or making  $(x—a')?4+(y—y')? + (2-2)% =D, 
and = §(a—a’)? +(b—B')? 4 (e—¢')% =D, 
_ (a~a) (ea) ¢ (6-8) (y—y) + (C—¢) (2-2') py 
_ DD’ . 


whence, if @ be the inclination of the distance D’ to the minimum 
distance D, 


D= 





D 


D = Dl 008'@ 1.000000 00+ (6). 


3. Geometrical considerations alone make it evident, that this 
theorem holds true for the case of two parallel planes, and indeed 
for every possible case of minimum distance, between two given 
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loci whose analytical equations are of the first degree. To apply it 
to any particular case, it is only necessary to observe, from (4) and 
(5), that the line of minimum distance is always perpendicular to 
both the given loci. 


Thus, to find the minimum distance of the planes, whose equa- 
tions are 





de + my + ac = d....... (7), 
fat sly + ws= Pb... (8), 
we have, assuming a, 6, ¢ and a’, b’, ¢ as the co-ordinates of two 
points in (7) and (8), 
D! = 7 faa) 4 (6-0) 4 (ce), 
l(a—a') + m(b b') + n(e—e 
soe nt V/ 3(a- wot eee rat ria an } 
whence D=/(a—a’) 4 m(b—U') 4-n(e—c)=d~d.. 
: If we wish to obtain the distance of the point a’, ', ec’, from the 
ine 
r—a_y—b _z-e 
—-. ae 
we must express cos @ by the sine of inclination of D’ to the given 
line; thus we shall have 


D = y {(a—a')? + (6— BYP + (e—e'%, 


oan i/\1-( (ee a)+m(b—b')-+n (e~))| 
LAW {=a + 6-04 (Ce R/ J’ 
D= ¥[(a—a'P + (0-8)? 4 (ee)? 
— §l(a—a’) 4+ m(b—V’) +n (e—¢)% ]. 
The value of D might, in this case, be put in a symmetrical 


form, by adopting the sy ymmetrical expression for cos ¢, instead of 
the one we have employed. 

To express the condition that two lines may intersect or lie in 
the same plane, we have only to make the minimum distance equal 
to 0. Let the equations of the proposed lines be, as before, 








SS oS ae 
== —— sssse eee (10) 

C28 ph ett 
+ 2 _—_ m = n eet sen eee (11). 
Here D'= 7 {(a—a')?4(b—-U' P+ (e— ec), 


oe (a —a’) ‘Ym —m ‘n)+ — -b')(nl —n a 9 ‘l) 4(e—c')(Ini Im! —Um) 
we seas DY s(n! —m'ny? + (nl —n 1)? 4 (dni Im) : 
Hence the condition sought will be 


(a—a’) (mn! —m'n) + (b—b') (nl —a'l) 4.(e —e) (Im —Im)=0 
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This equation is similar in form to the one by which we express 
the condition, that these lines shall be parallel to or coincident 
with the same plane, viz. 

(mn! —m'n) l' 4-(nl —n'l) m" + (im' —Tm) n" =0.. (13). 

Lastly, to find the perpendicular from a given point a’, b’, c, on 
a proposed plane, 

le 4+ my + nz =d, 
we have, since the direction cosines of the line of minimum dis- 


tance are /, m, n, 
l(a~ a) 4+m(b—b') +n(e—e) 
cos ¢ = aaa’)? 4 (baB Pa (end 
V HES 7 4O-F 7 +~<y 
whence D=/l(a—a’)+m(b—b')4n2(c—c) 
—=la+ mb + ne—d, 
a’, b', c’, being the co-ordinates of a point in the plane. 

4. If we suppose the straight line defined by the equations of 
two intersecting planes, the investigation of minimum distances 
leads to some remarkable results. Let us, for example, seek the 
distance from the origin of co-ordinates, to the straight line formed 
by the intersection of the planes 

lx + my + nz=d 
lx 4+my+nz=d 


Here D'= /(a?+y? +2?) 
{1 $a(mn! ~ min) + y(nl —n'l) + 2(/mi — Um)? | 


(@+y +2) (sin OF 
where 6 equals the inclination of (14) and (15) 
Wherefore, on reduction, 


DaYetty? +2 )(sind)— fai mn'—m'n) + y(nl — nb 2 tn! —Fm§ 


cos ¢ = 


J ’ 





sin 0 


Since the variables x, y, z, (according to the analogy of our 
former processes they ought to have been represented by «, 4, c,) 
are only required to satisfy the conditions (14) and (15), we may 
in the value of D arbitrarily assume the value of any one of them, 
and determine the remaining two from those conditions. It follows 
from hence, that it must be possible to express the value of the se- 
cond member of (16) by aid of (14) and (15), without any as- 
sumption whatever. This we are enabled to do by the theorem 
(1), after preparing our equations (14) and (15) by the successive 
elimination of the variables x, y, z. The result is, 

p — V(P—2dd' cosd +d?) 
sin 0 
6 being the inclination of d and d. 


If we observe that the extremities of the minimum distance, and 
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the intersections of the perpendiculars d and d' with the planes 
(14), (15), lie in the circumference of the same circle, the expres- 
sion at which we have just arrived, will be seen to be equivalent to 
the geometrical theorem, that the ratio of any side of a plane tri- 
angle to the sine of its opposite angle, is equal to the diameter of 
the circumscribing circle. 


5. The method by which we have arrived at the expression for 
}) in the last problem is remarkable, and may be very advantage- 
ously employed insome cases of elimination. In partieular it leads 
to an elegant and symmetrical solution of the system of equations, 


lx + my + nz = 
Ua + m'y + n'z =d’........ (19), 
a ag 4 2 = I occcce oe (20), 
subject, as we shall suppose, to the conditions 
2+ m? +4 n? = 1, 
(2 4 m2 4 n®= 1, 
Special cases of this system of equations are continually met 
with in Analytical Geometry. It is needless to observe, that the 


ordinary solution by quadratics is devoid of symmetry, and does 
not present any very obvious mode of reduction to a simpler form. 


From (18) and (19) eliminate successively the variables, there 
results 


(ni —n'l) z—(Im' —Um) y=dl' — a1, 
(Un! —I'm) «—(mn' —m'n) z=dn' —d'm, 
(mn' —m'n) y— (nl —n'l) =dn' —d'n. 
Squaring and adding, we have, by (1), 
(a? 4 y?+ 2?) sin? @— $(mn' —m'n) x + (nl — n'l) y + (Im'—In) 23? 
= (dl —d'1)? + (dm'—dm)* + (dn'—d'n)? 
=d?.—Qid cos 0 4d'?= 0, 
if we suppose (18) and (19) to define two planes, @ to represent 


the angle between the perpendiculars d and d’, and 6 the side 
opposite. 


Further reducing by (20), we ultimately find 
(mn'—m'n) x + (nl —n'l) y + (lm — I'm) z= (sin 6)?— 82 4...(21). 
Eliminating by cross multiplication between (18), (19), and (21), 
we have, still paying attention to (1), 
(sin 0)? #=d jm’ (lm'—lm)—n' (nl —n')i 
+d’ 5n (nl'—n'l)—m (lm —Imy3 
+ (muni — m'n) »/ $(sin 0)? — 2 
=1(d—d' cos 0) +1 (d' —d cos 6) + (mn' ~ m'n) 4/ (sin 0)?— 5, 
after effecting some obvious reductions. 
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Hence 
_1(d—d' cos 6) +1 (d’'—d cos 8) 4-(mn'—m'n) r/ §(sin 0)?—8% 5 
ses — (nd? | 
__m(d—d' cos 0) 4-m'(d'—d cos 0) + (mn'—m'n) / §(sin 0)? — 8% 
_ (sin 0)? 1 
n(d—d' cos 0) 4n'(d' —d cos 0) + (Im' —I'm) 7 (sin 0 )?—62 
= (sin @)? 














eeeeee 






6. As an application, suppose it required to determine the path 
of a given ray of light, after refraction at a proposed surface, the 
refractive indices of the media being and ,, respectively. 


Let J, m, n, be the direction cosines of the ray before refraction, 
1,, m,, 2 those after refraction, L, M,'N, those of the tangent 
plane to the surface at the point of incidence, i the angle of inci- 
dence, i, that of refraction ; both of which latter may be considered 
as known quantities, so that our first equation will be 

Li, -+ Mm, + Na, = cos i 
Moreover, since the incident ray, the refracted ray, and the normal 
to the surface, lie in the same plane, 
(Mn — nM) 1, + (NZ — Ln)m, 4+ (Lm — IM) a, 0 
— sees Ee po - a 7 = > 
sin 7 


the denominator sini* being here necessary, in order that the co- 
efficients of the unknown quantities may satisfy the condition, to 
which we have supposed them subject in the equations of the 
preceding section. 

Hence, by comparison with (22), 


M (Lm — Ml) — x 
I, = Losi, + oe a ba - sin 2 





sin 2 ) 


_ (l— L cos #) 
98 Kemeenieenns 


= L cosi, 


“. (4 — L cost) p = + (J— L 0s t) p, 
or Lu —-du, = L(p cos i, — py cos ¢), 
since, as is evident, the lower sign in the preceding equation is to 
be used. 
Similarly, mp 4- mp, = M (pu cos t, — py cos #), 
me — My = N (pu cos t, — p, Cos #), 
which give the relations sought. It may here be seen, that if F=0 
be the equation of the surface, 





* sin t= / }(Mn—Nm)*+(N/—Ln)? + (Lm— M1) 
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and that in the case of reflection, to which our results may be made 





to apply by the assumption of x, = — p, 
d¥ d¥ dF 
dx dy _ dz 





— = = oF ve oee( 2h). 
+d, m +m, n+n, 


7. The investigation of the curvature of surfaces, considered in 
its most general aspect, may be greatly simplified by the adoption 
of processes analogous to those which we have already employed. 
This we shall proceed to exemplify in a brief discussion of that 
subject. The course we shall follow, as the most philosophical, 
will be, to determine the value of the radius of curvature generally, 
in terms of the differentials of the variables, i.e. of the relative in- 
dices of position of three consecutive points of the curve, and after- 
wards to effect those transformations which are necessary to reduce 
it into an interpretable form. The conditions of the problem ma- 
thematically expressed, are 


(w—a") du+(y—y') dy +(z—2’) dz=0.........(25), 
(a—a') d*x+(y—y') Py + (z—2') Pz = —ds*...(26), 
(w—a)X 4+(y—y') ¥4-(z—2) Z=0.........(27), 
where 
X=dy @z—dzd*y, Y=dzd’x—dxrd*z, ZL=dxd*y—dy dx; 
and from these we are to seek the ratio of the function 
V {e—av P+ (y—y P+ (2-2): 
From (25) and (26) eliminate in succession « — 2’, y— y/’; 
2 — 2’, and we obtain 
(z—2') Y—(y—y') Z=dx ds*.. ......... (28), 
(w—2') Z—(z—2') X=dy ds* ......... .. (29); 
(y—y') X—(a—2') Y=dzds*,.. .... ... (30), 
(27)? +(28)? +(29)*+(30)* gives 
(x —a')? + (y—y' P+ (2—2')% (X?4 VY? 4 Z2) = ds6, 
ds 
R= V4 V42) heseseass (3i ’ 
which is the well known theorem. 
8. This expression it only remains to transform into another, 
which shall involve the partial differential coefficients of two known 


functions of the variables, instead of the increments of the variables 
themselves. The process of elimination, by which this may be 
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effected, it will be unnecessary here to detail, and I shall therefore 
simply present the results. 
Let the equations of the proposed curve in space, however formed, 
be represented by 
F=0, F =0, 
and for the present, suppose the second of these equations linear, 
and of the form 


l(v-—-a)+m (y—b)4+n(z—c)=0; 
then, after effecting our transformations by the aid of the differen- 
tial equations of the first and second order, we find, representing the 
particular value of R thus obtained by r, 


(7 dF *\2 ; ; ; d\ 2): 
(! m ) + (m Os r é y $ (» - l “) 





— ‘dy dx dz : dy dx dz 
| (mse Se) apt (me, eo (1 EN 
\\" da ~" dz) dy" \" dz ~" dy) de dy ~™ ila 


odnage (SBDe 


the denominator of which is to be developed and applied, according 
to the laws of the separation of symbols. This expression may be 
reduced, by aid of the theorem (1), to the more simple form 


| (dF\? dF\?2 dF\?2 
\(Ge) * (a) +(e) 
r= dae dy dz sin 0, 
(: d d d - 
— m, — n, —) F 
' dx ili dy sf dz 
wherein @ is the inclination of the tangent plane of F to I" and 
Ls My, Ns the direction cosines of the line of their intersection. 





9. When neither F nor F’ is supposed to be linear, the result of 
the transformation will be more complicated, but may by comparison 
with (32) be reduced to a simpler form, leading to the following 
theorem. If 7 be the radius of curvature of the surface F relative 
to the tangent plane of the surface F’, and 7’ that of F’ relative to 
the tangent plane of F, and @ the inclination of those planes to each 
other, then putting R for the radius of curvature of the intersection 
of F and F" at the same point 


= \/ 1 2 cos 6 1 
rR & or +5): 


1 : 
As it is the measure of curvature, it may be replaced by C; 


— 1 1 , 
and, in like manner, - and 7 by e¢ and ec, so that our theorem 





becomes 


C= (ce? — Ic’ cos 0 +e"), 
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which, considering the nature of the subject, is a form of great 
simplicity. 


10. The general theorem for minimum distances above given, 

and those for the solution of the system of equations, 

ax + by 4+ cz =d, 

adx+by4+cz=d’, 

e@4ty+ 2 J, 
enable us, in most instances, to express at once the solution of 
problems on the point, straight line, and plane, from a mere inspec- 
tion of the conditions. Of this we-shall give one further illustration, 
in the discussion of a very important elimentary problem of 
Mechanics—the determination of the moment of any system of 
forces in a rigid system, around a given axis. In this case, as in 
many others, it will be found that the most general method of 
resolving the problem is also the most simple, and that it leads to 
analytical results of great elegance. 


Let P be the intensity of a given force, acting on the point a, b, e, 
in the direction 2, m, 2, to determine its moment around an axis 
defined by the equation 

a—-a y-b 2z-¢ 
; SO cece 1 
T m n (1), 
the equation of the line in which P is directed will evidently be 
w—-a_y—b_ z-e (2) 
l -—i “se } — 
and its effect will not be altered, if we suppose it applied in the 
same line (2), at the extremity of the minimum distance between 
(1) and (2), the value of which, as given by our theorem, is 
D= (a—a') (mn'—m'n) + (b—0') (nl'—n'l) 4 (e—e’) (dm'—I'm) (3) 
VY 3(mn'—mi'n)? + (nl —n'l)? + (lm — Im) fa) thos 

Suppose further, the force P resolved into three perpendicular 
directions, one of them parallel to the axis (1). a second in the line 
of minimum distance, and the third perpendicular to the two; the 
cosines of the angles which these directions make with (2) we shall 
call a, 3, y. Then, as is evident, 

a = Il! + mm’ + nn' = cos 8, 
p=0 
also e&+pe7+y=1, 
whence y = (1 — a*) =sin 9, if # be the angle between (1) and 
(2). Now the moment sought is evidently Py x D, and since the 
denominator of D (3) is equal to sin 6, we obtain, on effecting the 
substitutions, 


M =P $(a—a’) (mn' —mn) 4 (b—V') (nl’—2'l) 
t(e~e) (tm —i'm 2.4), 
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or in terms of D the minimum distance of the given lines, and 6 the 
angle between them, 
M = PD sin 0. 
If we wish to find the amount of P around an axis passing through 


the same point a’, b’, c’, and parallel to the axis of x, we must in (4) 
assume 


v=1, m=0, n' =0, 


and calling this moment A we have 
A = P$(b — b') n — (ce — c') me. 


Similarly the moments B and C around axes passing through the 
point a, b, ec, and parallel to y and z respectively, will be 


B= Pie — cc’) 1 —(a — a’) n 
C = P3i(a— a’)m—(b — b') 4K; 
on comparing these expressions with (4) we see at once that 
M = AZ + Bm’ + Cn’ 


and from the linear form of the equation it is evident that it will 
hold true if M, A, B, C, represent the sums of the moments of any 
number of forces around the same axes. From this expression the 
value of the maximum moment, and other similar particulars, may 
be deduced in the ordinary way. 


VII.L—ON THE EQUATION OF PAYMENTS, 


WE propose in the present paper to investigate the problem of 
the equation of payments, both for simple and for compound inter- 
est. We will commence with the case of simple interest ; and, in the 
first place, we will suppose that there are only two sums; which 
corresponds to the following problem. A owes B two sums of 
money s, and s,, due respectively at the end of ¢, and ¢, years. He 
agrees to pay B both sums together at the end of T,, years, where 
T, is greater then ¢, and less than ¢,. Supposing this arrangement 
to be equitable, determine the value of Ty. 


Let r = the rate of interest. 

Then, since B receives the sum s, too late by T, — ¢, years, he 
loses in this respect interest to the amount of rs, (T,—¢,), and since 
he reecives the sum s, too early by ¢, — T, years, he gains in this 
ease the discount of s, for the ¢, — T, years, which is equal to 


rs, (t, -- T,) :$1 + r(¢, —- Ty). 
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Hence manifestly, that the arrangement may be equitable, we must 
have 


789 (ty — Ty) 
1+4+r(t—T,) 


rs,(T, — t) = 
and therefore 

rs(T, — ¢,) (Ty — &) = 9(T, — 4) + 8,(T, — 4) 

This equation, being a quadratic in T., will have two different 
solutions. Before proceeding further, we will explain the origin of 
the solution which is foreign to the present question. For this 
purpose we enunciate the following problem. 

A owes B two sums of money s, and s,, due respectively at the 
end of ¢, and ¢, years. He pays B both sums together after a lapse 
of ‘I's years, where T, is greater than ¢, and than ¢; and in order to 
compensate him for the loss of interest which he has incurred upon 
the two sums, he consents to pay him, in addition, the interest for 
T, — ¢, years of the interest which he has lost upon the sum s,. 
Determine the value of T, that the bargain may be equitable. 


The additional sum which A pays B is clearly 
rs, (T, — 4) r (I, — 4), 


and the interest which B has lost, owing to the delay in the payment 
of the two sums, is 


rs, (T, — 4) +78, (1, — 4); 
hence, that the agreement may be equitable, we must have 

i re (T, — 4) 7 (T, — &) = 78, (1, — 4) + 78,(T, — 4) 
or = 78,(T, — 4) (V, — 4) = 8, (T, — 4) + 8, (T, — 4), 
which is identical with the equation (1). 

Thus we see that the algebraical solution of either of the two 
problems will necessarily give rise to two values of T,, of which the 
inapplicable one belongs to the conjugate problem, Moreover, it is 
evident from the nature of the two problems, that the less value of 
T2 belongs to the question with which we are at present concerned ; 
and that consequently, if we suppose the values of T, to be 
a + , the negative sign must be taken. The gencral expression, 
however, for T,, is ugly and complicated ; and, in order to obtain a 
convenient approximate formula, it is customary in practice to neg- 
lect the term involving 7 in the equation (1) as small, whence 


0=5,(T, — 4) + 5,(T, —4), 
or (8, + 85) Ty = 8,t) + Sofgeeeceeeeeene( 2), 
Suppose now that T, denotes the equated time of paying z sums 
Sis Soy Sy +--8,, due respectively at the end of ¢,, t,) ty..-¢,) years, where 


t, is greater than ¢,, ¢, than #,and so on. Then, since evidently T,, 
must be the same function of 


§ + s2 +8, +...4 Sn-—Ty Sy» T, bp thy 
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which T, is of 8, 8, ¢,, ta, respectively, we have by (2), putting 
K, = + 8, +8, +.. + Sn 


K,T, = K,:Tuuy + $1 a3 


n n 
and therefore, putting for m successively n — 1, n —2, n — 3, 
we have 
K ae a=1 ~~ = K, =ghe~s + $4- tt 


Deakins % Maret es + %-2%~s 


K,T, = K,T, + 84; 
and therefore, by adding together these » — 1 equations, and omit- 


ing on each side of the result those terms which are common to 
both, we have, since K,T; = s¢,, 


n~2 





















where P, - = as My “ + Sf, + oe 4 Sit 
But if either T, — ¢,, or 4, — T', be otherwise than moderately 
small, it is evident from the equation (1) that the approximation of 
the equation (2) becomes perfectly inadmissible; and thus we 
see, that unless the intervals between the epochs of the debts 


Si> 5 go seers 


be moderately small, the equation (3) deviates utterly from the 
truth. In fact, suppose that t, = 0, while ¢,, é:, ¢;,...¢,-1, are 
finite: then clearly P,, = , and therefore T,, =  ; but it is clear 
that, since a debt due "after an infinite number of years ought to be 
regarded as no debt at all, we ought to have T, = T,_,. 

We will now proceed to the determination of the equated time of 
payment of any number of debts at compound interest, supposing 
interest to become principal at every indefinitely small portion of a 
year. In this case, commencing with only two sums, we have, 
equating interest lost to discount gained, 


(fT? r—1) , = (1—_- “—THr) “a 
-_ (l — (Tt) r) 8, 
therefore (s,48,) 7" = e's, 4 eu" s,; 
er putting "= and s,48,48,+...45,=K,, 

Kp" —_ Bhs, A. Bis, 5 

and therefore, since T, must evidently be the same function of 

a. 1» Sno Ta» ¢ n? which To is of Sis Sa Pi ty, respectively, we 
have, putting for m successively 3, 4, 5, ... », 
K,6" = BrK, + fea, 
K,B™ = AMK, + Aus, 
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and therefore, by addition and simplification, 
K,B% = Bis, + Bas, + Als, + ... + Blnsy 
or putting for @ its value 
K 


e"Tn ehh g"e 


$ § s. § 
= —L 4+ ess 2 ae Be 
+ rts a + etn? 


which gives us the required expression for T,. 


If the interest be combined with the principal only at the end of 
each year, we must put 1 +7, in place of «” throughout, and thus 
we have 


K,(1¢r)-te=a, (147) 48, (1 ry ets, (1 bet 
wet 8 (lr), 


W.W. 





IX.—MATHEMATICAL NOTES. 
1. Expression for the Radius of Curvature in Polar Co- 
ordinates. 
Let ¢ be the angle of contingence, s the arc; then it is known 
eo — 
that p= — a , taking the negative sign because, the curve being 


concave, @ diminishes as s increases: and it is required to change 
this into a function of r and 6. 


: = ee t and as 2 is the tangent of the angle 
which the tangent makes with the radius vector, 
¢=x—6-— tan! = + const., 
dr 


the constant depending on the position of the line from which @ is 
measured, Hence 


dr\, _ a'r 
a) + BT 
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2) 
and as ad v2 4 reg ’ 
~ \4 
+G, i. 
d*r 
2 25 
. I) "dee 





_ dx dy — d*y dx 
ds*® . 


oO. 


2. The following is a short demonstration of a property of 
Laplace's Funetions. 


1 r" 
Let R = V (P24 7r2—Qprr) — > (q, =) e 


It is clear that when 7 = 7’, a8 








ae ar’ 
, dR 1 . 
Now, when r=r’, a x. (¢+ 1)Q, 


oak , 1 
therefore 2 = + . R= 0. 


Also from the first two equations it appears that 


y. (2 +1)Q,= 0, 


the well-known property of these functions. 











